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SECOND SEMESTER DIPLOMA EXAMINATION IN ENGINEERING/
TECHNOLIGY- OCTOBER, 2013

TECHNICAL MATHEMATICS- 11
(Common — Except DCP and CABM)

[Time: 3 hours
(Maximum marks: 100)
Marks

PART -A
(Maximum marks: 10)

(Answer all questions. Each question carries 2 marks)

(a) Find the derivatives of y = 3cosx — 4tanx

y = 3cosx — 4tanx

d
ZY = 3 _ sirke 4sdex
dx

= -3sinx — 4sec?x

. 2x-3
(b) Evaluate lim,._,, -

li 2x—3 2Xx0-3 -3
im = =—
X203x+4 3x0+4 4

(c) Check whether the function x? — 3x + 2 is decreasing at x = 1

y=x*—-3x+2



dy
—=2Xx1-3=2-3=-1<0
dx

d
—y<0atx:1
dx

~Function is decreasing at x = 1

(d) Find [(2x + 1)? dx

f@x+1)?dx=[4x*>+1+4xdx
=4 [x%dx+ [1dx + [4xdx

3 2
42X X~
—43+x+42+C

d2
(e) Solve d_xz: sec? x

d (dy) _ 5
—\|\— ) — secx
dx \dx

Integrating on both sides we get,
d

2= tanx + C;

dx

Again integrating on both sides we get,

y = logsecx + C1x + C,

PART -B

Answer any five questions. Each question carries 6 marks

(@)

i. Find the differential coefficient of ‘tanx’ using quotient rule.

sinx

Y =tanx =
coSx



We know by quotient rule,

du dv
dy _ d (u)_”a‘“a
dx  dx \v/) v2

d(sinx) , d(cosx)
d COSX X ——————SINXX—————

_ dx dx

— (tanx)= >
dx cos°x

COSX XCOSX— Sinx x—sinx

cos?x

cos? x +sin? x

cos?x

1

=— = sec?x
cos2x

x%2-2x+8

ii. Evaluate lim
X200 4x3-3

2

— in—1 .2 u_ ﬂ_
(b) If y = sin™" x, show that (1 x)dxz xdx—O

y =sin"lx
dy 1
dx 1-x

N

. 1
[lim, e -

0]



(c) For what value of xtangent to the curve y =

d
il 1—x%=

Differentiating on both sides,

dy 1

dy
X x2x+\/1—x2 =
dx 2V1—-x2

—xdy 1
dx \/ 1—x2

md Y=0

Multiplication on both sides by V1 — x2we get,

—xdy d°y
+(1-x*)===0
dx (=% x2

%
a x)zwill be parallel to:

X axis ii. Y axis

Parallel to x axis

_ X
- (1-x)?
Q_(l—x)zx 1-xx 2(1-x)x—1
dx ((1-x)?)2
Ify= (1_xx)2is parallel to x axis then,
Q_O__ (1—x)%+ 2x(1-x)
dx (1-x)%
1-x%
(1-x)*
(1+x)(1—x) 0
(1-x*
(1-x)

REESERE



ii. Parallel toy axis

X .
Ify= (1_x)2|s parallel to y axis then
Slop =0
dy (1-x)?%+ 2x(1—x)
le, —= 00 === =
dx (1-x)%
:::>(1 — x)4' =0
===>x=1

(d) Find the minimum value of y = 4x3 + 9x2 — 12x + 2
y = 4x3 +9x2 = 12x + 2

d
—y:12x2+18x—12=0

dx
d
&Y o ===>12x% + 18x =12 = 0
dx
6(2x*+3x—2)=0
_ —3+V9+16 _ —345
X= 4 T 4
=-2,1
2
d”y
ﬁ =24x + 18
At minimum
2
d d
2 pe—2> 0
dx dx?
Atx=-2
d2y
—==24x-2+18=-48+18=-3<0
dx?

Atx:1/2



2
d
=2 24xY2+18=12+18=30>0
dx

Atx =2 y is minimum

~ Minimum value y = 4 x (%)3 +9 G)z —-12x §+ 2

) x%2+3x-2 . )
i. —dx ii. [ sin3xcosx dx

) x243x-2 x? 3x 2
i. ——dx =] —dx+ | —dx—- | —dx
X X X X

:fxdx+f3dx—2f%dx

x2
:7+3x—2Iogx+C

1
ii. sinA cosB =3 [sin(A + B) + sin(A — B)]

1
sin3x cosx = Y [sin 4x + sin 2x]
- 1 - -
[ sin3x cosx dx= > f(sm 4x + sin 2x)dx
1 1
== [ sinax dx += [ sin2x d
2fsmx x 2fsmx x

1 (—cos4x) n 1 (—cost)
) 4 2 2

—CcoSs4x —C0S2Xx
= + + C

8 4




(f) Find [tan™1x dx

We have [tan™'x dx = [tan"'xx 1 dx
1 d -1
=tan"x [ 1dx - Zx ((tan™ " x) f 1dx) dx

x dx

—tan lxxx —
f1+x2

= xtan lx — %log(l +x%)+C

dy  xy’+x
(9) Solvea = xtix
dy x(y*+1)
dx  y(x2+1)
dy.y(x?+1) = dx.x(y* + 1)
ydy xdx

= Integrating both sides
y2+1 x2+1 g g

ydy xdx
_[y2+1 o _[x2+1 (1)

x
Considerj S—ax put u=x?+1
x2+1

du du
—=2x du=2xdx—=xdx
dx 2

X du 1 du 1
>dx=| ——== ] —=—logu
x<+1 2u 2 u 2

1 2
=Elog(x +1)+Cy




- ydy _ (y%+1)
Slmllarly'[—yz_l_1 log - +C,

1 2 1 2
(1) Becomes > log(y" +1)+C,= > log(x® + 1) +Cy

1 2 1 2
Elog(y +1) —>log(x” + 1) +C1=C [take C1~C;=C]

1l 1+y? c
=_==>- =
2 08 1+x2

1+y2_ C

:::>bg1+x2_

===>1+ y? = e2°(1 + x?)

===>1+y? = k(1 +x?)

PART -C
(Maximum mark: 60)

Answer four full questions. Each question carries 15 marks.

Il.
(a) Using 1* principles, find the derivative of sinx

By 1% principle we have

a -
L iy, o LD )

. (1)

f(x) = sinx
f(x + Ax) = sin(x + Ax)
Then (1) becomes
sin(x+Ax)—sinx
Ax
feosersn g )

2
Ax

dy ..
dx limpyo

= limpy o



_ 1 2 cos(2;c+Ax) Sin(AZ—x)]
= IMpx-0 Ax

—X 2
2

— 2x+0
— COS (T) = COSX

d
(b) Find =if:
dx

. y=e*tanx
_ e L) =ul + vy
y = e*tanx [dx(u.v)—udx+vdx
dy _
— = e¥sec’x + tanx e*
dx
ii. y =log(secx + tanx)
dy _dy
— = — log(secx + tanx
dx dx 8( )
1 2
=— (secxtanx + sec” x)
secx+tanx
secx(tanx+secx) _
= =SecX
(secx+tanx)

d
(©) If ax? + 2hxy + by? = 0 find d—z

ax? + 2hxy + by?> =0

Differentiating on both sides

d d
2ax+2h<xd—2]c+yx1>+2byd—2:=0

d
d_icl (th + Zby) + 2ax + 2hy =0

_dy_Z(ax+hy)

Tdx (hx+by)



V.
. dy
@) Ifx =a(0 + sinf),y = a(1 + cosh), find Ix

Ql&
R I
Rl

a.|a.l||a.|a.
D

Z—:: ax —sinB = —2asin (g) cos (g)

%% - a(1 + cos) = 2acos?
de—a cos = aCOS2

(1) Becomes

dy _ —2 asin(g) cos(g)
ax 2 acoszg

-an(9)

(b) If y = ae® + be?* show thaty” — 3y’ +2y =0

y = ae* + be?*
y' = ae* + 2be**
y" = ae* + 4be**
y" —3y"+ 2y = (ae* + 4be?*) — 3(ae* + 2be?*) + 2(ae* + be®)
= ae”* + 4be?* — 3ae* — 6be?* + 2ae* + 2be*
=0

2y
(c) Find T2’ if y = sinxcosx

Y = sinxcosx
dy

— = sinx x icosx + cosx xisinx
dt dt dt

= sinx X — sinx 4+ cosx cosx

= —sin®x + cos? x



2 2

=cos“x —sin“ x

= C0S2X
V.
(a) If the displacement of a body is given by s = 2t3 — 3t? — 12t + 6, find when the body

attains the greatest height and also find the acceleration then.

s=2t3-3t>—-12t+6
At maximum

ds d?s

—=0,—=<0

dt dt?

das

—=0===6t2 —6t—12=0
dt

6(t>—t—2)=0

1+v1+48 1+3
t= = =2,-1
2 2
d?s
— =12t—6
dt?
Att=2
d?s
— =12x2—-6
dt?
=24-6=18>0
Att=-1
d?s
—=12x—-—1-6
dt?
=-12-6=-18<0
Att=-1

Heights = 2(=1)3 —3(=1)2 — 12x— 1+ 6
=-2-3+12+6=18-5=13
d?s

Acceleration is—— = —18
dt?



(b) A stone is dropped into still water. The radius of the outermost ripple then formed increases
at the rate of 6cm/sec. how fast is the area increasing when the radius is 16¢cms.

Area of circle A = rr?

dA d
E =2nr d_; (1)

= =6om
q; 0 cmisec

Then (1) becomes

dA
— =2tx16x6
dt

=2rx96
= 192w cm?/sec

-~ Area is increasing at the rate of 192w cm?/sec when radius is 16cm.
(c) Show that a rectangle of fixed perimeter has its maximum area when it becomes a square

Let x and y be the length and breadth of the rectangle of fixed perimeter ‘p’

le, 2x +2y = p
2y =p—2X
p—2x
y=— (1)
Area of rectangle = x x y
A=xxy
P—2x
=T, XX
1 2
:E(px—Zx)
dA

At maximum or minimum d—: 0
b

dA _ d 1 22_1 ) =0
dx—dxz(px x)—z(p x) =

14
===> X =—
4



VI.

2 2 2 4
p
X ==
4
p
y= Z
d’A d 1
@:az(p — 4x) =—=x-4<0
. ZA . . p p
Since ——< 0, Aismaximumat X ==, y =—
dx 4 4

(a) Find the range of values of x for which the function x? — 3x + 4 is:
I. Increasing ii. Decreasing

i. y=x?2—-3x+4

dy
—=2x —
dx X—3
L . ady
If the function is increasing =—> 0
dx
le,2x-3>0

3
2X >3 ===>X >
2
. . . dy
ii. If the function is decreasing =—< 0
dx
2X -3<0===>2x<3

3
X<z
2

(b) Show that the maximum value of function M = 2x3 — 9x2 + 12xis 5

M = 2x3 —9x?% + 12x

_ dM d*Mm
At maximum =0 &
dx dx?

aM
—=0===6x2—-18x+12 =0
dx



===>6(x% — 3x + 2)

3+v9-8
X=——
2
3+1
=—-=21
2
Atx=1
d*M
2:12x—18:12x1—18:-6<0
dx
Atx=2
d*M
=12x—18=12x2-18=24-18=6>0
dx?

~ Mismaximumatx =1
And maximum value M = 2(1)3 —9(1)? + 12x 1
=2-9+12=5

(c) Water is running out of a conical funnel at the rate of 1 cubic inch per second. If the radius of

the funnel is 4 inches and altitude is 8 inches. Find the rate at which the water level is

dropping when its depth is 6 inches.

Let v be the volume of the water in the cone.

Let « be the semi vertical angle of the cone.

Then A
OA 4 1
tan X =— — — = —
oV 8 2
. N, o'A' r
SO tan o = ==
oV T n
r __1___ 1
“H_E___>r_

1, 1 (r)?
ThenV==nr‘h=V=—=x|-] h
3 3 2

1 h3
=V=—171—
3 4




Th3

=—m
12
av 4 , dh
T — 5 XTX 3h a
[-ve sign is due to decreasing V]
dh . dv
al=—= 3h% = Given— =1
XT[X T [ I ]
dh _ —12 -4
"dt  mx3h? mh?
-4 _ -4
=— = ———inch/sec
6 3é6m

—4
=~ The water level is dropped at the rate of %inch/sec

VII. Evaluate

(@) f(2x3 — 3sinx + 5x)dx
j(2x3 — 3sinx + 5x)dx

= [ 2x3dx — [ 3sinx dx + [ 5x dx

2x4 5x2
=—3X—-Ccosx+—+C
4 2

x4 5x2
=—+3cosx +—+C
2 2

3x2
(b) W dx Putu=x*
Du = 3x%dx

V1 —x© _[,/1 (x3)2

du
:] - ==sin"tu+C
Vi-u

=sin"1x3+C



(©) [x%e*dx

[Use ILATE Rule]

Taking x* as 1% function, we have

[x2e*dx=x? [ e*dx — f(%xzfexdx) dx

x%e* — [2xx e*dx (1)

[x exdx:xfexdx—f%xfexdxdx
=xe* — [e*dx

=xe*—e*+C (2)

Putting (2) in (1) we have
[ x2e* dx = x%e* — 2[xe* — e* + (]
=x2%e* — 2xe* + 2e* + 2C

=x%e* — 2xe* +2e*+C;

e

COSX Putu=1 + sinx
(d) j Ttsi dx
0 sinx du = cosx dx

COSX
T+o0 dx
Sinx
0

NS

T
= J —=log u =log (1 + sinx) = f(x)
0o U

FC) =log(1+sin~) = log2
&) =log(14sin) =log

F(0) =log(1 +sin0)=1logl=0

T

E CcoSsx T
j dx =f(2) ~(0) = log2

1+sinx
0




VIIl.  Find

(@) [(4sec?x + 3sinx + e*)dx

f(4 sec? x + 3sinx + e*)dx

=4tanx + 3x—cosx+e*+ C

=4tanx — 3cosx +e* + C
(b) ff logx dx
flogx dx = flogxx 1dx

:Iogxxfldx—f%logxxfldxdx
= Iogxxxdx-f%xx dx
=xlogx - [ 1 dx = xlogx — x

[ logx dx =xlogx — x = f(x)

f(e) =eloge—-e=0

f(1) = 1logl-1=-1

fle logx dx =f(e) - f(1) =1

(c) JZ cos® x dx

5 14+cos2x
fcos?x dx = de




. % 2 - _r
« JZcos xdx—F(Z)—f(O)—4

d 1+ tanx 2 d
()f( ¢ ) sec” x dx Put u = tanx

f(l + et du = sec’xdx

= [1du+ [e%“du
=u+e'+C

=tanx + "™ + C

IX.
(a) Find the area enclosed between the curve y = x? — x + 1. The x axis and the ordinate x = 1

andx=3

Area :|f:f(x) — g(x)dxl
FX)=x2—x+1 g(x)=0
a=1 b=3

Required area = |f13 x*—x+1 dx|

Jx?=x+1dx=[x%dx— [xdx+ [1dx

x3 2+ f()
=— — —+ X =1(X
3 2
33 32 27 9
F3)=— — —+3=——=+3
3 2 3 2
54—27
= + 34
6
27 27+18




6
13 12
F(l)=— — —+
(1) 3
x3 1 2-3 -1
= — 1=+ 1=—+1
3 2 6 6
146 _5
T 6

Required Area = f(3) — f(1)

45 5 20
=— — = = —unit
6 6 3

(b) Find the volume of sphere obtained by rotating the circle x2 + y? = a? about the X axis

4
is— a’
3

Equation of circle:x? + y? = a?
— a 2
Volume =7 [~ y?dx

= 7T[f_aa(a2 — x%)dx|

= [(a? = x?)dx =a’x — 353_3: f(x)

(-a.0)

@0

3 3 2a
— 2 La_ 3_a_Z-
F(@ =a“xa 3=a 33
3 3 2a3 <
Dy T3z @ 2%
F(-a)=a“x—a 7= —a’ + 5= .

4 3
F(a)~f(-2) =< a

Volume = nf_aayzdx =n[F(a) - f(—a) |

=mTX

4’3
§a

0y A



d 1-y?
(c) Solve 2y ( 2 ): 0
dx

1—x2

d 2
2 J(D)e
dx 1—x2

dy —dx

J1-y2  Vi-x2

Integrating on both sides,

dy _ dx
J1-y2 V1-x2

sin"ly = —sin"lx +C

===>sin" !y +sin"1x + C

(a) Find the area enclosed between one arch of the curve y = sinx and the x axis

Required area A
b
= J. f(0)dx | y=sim
= f: sinx dx /
= [~cosx]§ “ t »
2 T
Y

= [—cosm + cos0]

= 2 unit?

(b) Find the volume of the solid obtained by rotating the area consider the parabola y? =

4xbetween the ordinates at x = 0, X = 2and the x axis

V= nf;yzdx



= nf024x dx

__[4x%]2
=[5

= 7T[2x2](2)
=m[2 x 2?]

= 8m cubic unit.
dy
(c) Solve Ix + ycotx = cosecx

Integrating factor = I.F = eJ cotx dx

— plogsinx

= sinx
Solution: y x IF = [ cosecx x IF dx
ysinx = [ dx

ysinx=x+C



